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1. Introduction
The study of differential geometry of the tangent bundle is a very fruitful do-
main of differential geometry because the theory provides many new problems in
modern differential geometry. The study of differential geometry of the tangent
bundle started promptly in 1960s by Davis, Sasaki, Yano and Davis, Tachibana and
many others. Yano and Ishihara have studied vertical, complete and horizontal lifts
of tensors and connection. The first author studied lifts of a hypersurface with con-
nections to tangent bundles and a Ka¨hler manifold in 2014 [7] and 2016 [8]. Also,
different structures on tanent bundles have been studied by several authors such as
Das and the first author (2005) [4], Tekkoyun(2006) [6], the first author(2017) [15]
and many others.
I. Sato [17] introduced the notion of almost contact structure on differential
geometry. An almost paracontact Riemannian manifold and an almost product
Riemannian manifold were studied by Adati [19] while the almost r-contact struc-
ture was introduced by Vanzura [10]. In [13], Motsumoto initiated the study of
Lorentzian paracontact manifolds. The Lorentzian almost r-paracontact structure
in the tangent bundle was studied by Khan and Jun [14].
The paper is organized as follows: In Section 2, we recall some basic definitions
of vertical, complete and horizontal lifts and the Lie derivative. Section 3 deals
with Tachibana and Vishnevskii operators associated with the Lorentzian almost
r-para-contact structure in the tangent bundle.
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2. Preliminaries
LetM be an n-dimensional differentiable manifold and let T (M) =
⋃
p∈M Tp(M)






) and η =
∑n
i=1 η
idxi be the expressions in local coordinates
for the vector field X and the 1-form η in M . Let (xi, yi) be local coordinates of
point in T (M) induced naturally from the coordinate chart U(xi) in M .
2.1. Vertical lifts
If f is a function in M , we write fV for the function in T (M) obtained by
forming the composition of π : T (M) −→M and f : M −→ R, so that
fV = foπ(2.1)
Thus, if a point p˜ǫπ−1(U) has induced the coordinates (xh, yh) then
fV (p˜) = fV (x, y) = foπ(p˜) = f(p) = f(x)(2.2)
Thus the value of fV (p˜) is constant along each fibre Tp(M) and equal to the
value f(p). We call fV the vertical lift of the function f . Vertical lifts to a unique
algebraic isomorphism of the tensor algebra τ(M) into the tensor algebra τ(T (M))
with respect to constant coefficients by the conditions
(P ⊗Q)V = PV ⊗QV , (P +R)V = PV +RV(2.3)
P,Q and R being arbitrary elements of τ(M) [3].
Furthermore, the vertical lifts of tensor fields obey the general properties [1, 2]:
(a) (f.g)V = fV gV , (f + g)V = fV + gV
(b) (X + Y )V = XV + Y V , (f.X)V = fVXV , XV fV = 0, [XV , Y V ] = 0
(c) (f.η)V = fV ηV , ηV (XV ) = 0, XV (Y V ) = 0,
∀f, g ∈ τ00 (M), X, Y ∈ τ
1




If f is a function in M , we write fC for the function in T (M) defined by
fC = i(df)
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and call fC the complete lift of the function f . The complete lift fC of a function
f has the local expression
fC = yi∂if = ∂f
with respect to the induced coordinates in T (M), where ∂f denotes yi∂if .
Suppose that X ∈ τ10 (M). We define a vector field X
C in T (M) by
XCfC = (Xf)C
f being an arbitrary function in M and call XC the complete lift of X in T (M).






with respect to the induced coordinates in T (M).
Suppose that η ∈ τ10 (M) Then a 1-form η
C in T (M) defined by
ηC(XC) = (η(X))C
X being an arbitrary vector field in M . We call ηC the complete lift of η.
The complete lifts to a unique algebra isomorphism of the tensor algebra τ(M)
into the tensor algebra τ(T (M)) with respect to constant coefficients, is given by
the conditions
(P ⊗Q)C = PC ⊗QV + PV ⊗QC , (P +R)C = PC +RC
P,Q and R being arbitrary elements of τ(M).
Moreover, the complete lifts of tensor fields obey the general properties [1, 2]:
(a) (fX)C = fCXV + fVXC = (Xf)C , XCfV = (Xf)V , XV fC = (Xf)V ,
(b) φVXC = (φX)V , φCXV = (φX)V , (φX)C = φCXC ;
(c) ηVXC = (η(X))C , ηCXV = (η(X))V
(d) [XV , Y C ] = [X,Y ]C , IC = I, IV IC = XV , [XC , Y C ] = [X,Y ]C
∀f, g ∈ τ00 (M), X, Y ∈ τ
1




Let (xh, yh) be a local coordinate system in an open set π−1(U) ⊂ T (M) where








⊗ dxl ⊗ dxk ⊗ ......⊗ dxj
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⊗ dxk ⊗ ......⊗ dxj











⊗ dxk ⊗ ......⊗ dxj .
The tensor fields γxS and γS defined in each π
−1(U) determine respectively
global tensor fields in T (M).
Let ∇ be an affine connection in M . If f is a function in M then the gradient
of f dented by ∇f in M .
Apply the operation γ to γf and get γ(∇f).
Put
∇γf = γ(∇f).
The horizontal lift fH of f ∈ τ00 (M) to the tangent bundle T (M) by
(f)H = fC −∇γf(2.4)
Let X ∈ τ10 (M). Then the horizontal lift X
H of X defined by
XH = XC −∇γX(2.5)
in T (M), where
∇γX = γ(∇X)






with respect to the induced coordinates in T (M), where Γhi = y
jΓhji.
Suppose that η ∈ τ01 (M). Then the 1-form η
C in T (M) defined by the horizontal
lift SH of the tensor field S of an arbitrary type in M to T (M) is defined by
SH = SC −∇γS(2.7)
for all P,Q ∈ τ(M). We have
∇γ(P ⊗Q) = (∇γP )⊗Q
V + PV ⊗ (∇γQ)
or
(P ⊗Q)H = PH ⊗QV + PV ⊗QH .(2.8)
Some Notes Concerning Tachibana and Vishnevskii Operators 551
In addition, the horizontal lifts of tensor fields obey the general properties [1, 2]:
(a) XHfV = (Xf)V , FVXH = (FX)V , FCXH = (FX)H + (∇γF )X
H
(b) ηV (XH) = (η(X))H , ηC(XH) = (η(X))C − γ(η ◦ (∇X), ;
(c) ηH(XC) = ηH(∇γX), η
H(XH) = 0
∀f, g ∈ τ00 (M), X, Y ∈ τ
1
0 (M), η ∈ τ
0
1 (M), F ∈ τ
1
1 (M).
LetX be a vector field in an n-dimensional differentiable manifold M . The dif-
ferential transformation LX is called the Lie derivative with respect to X if
(a) LXf = Xf, ∀f ∈ τ
0
0 (M)
(b) LXY = [X,Y ].
The Lie derivative LXF of a tensor field F of type (1, 1) with respect to a vector
field X is defined by [1]
(LXF ) = [X,FY ]− F [X,Y ](2.9)
where [, ] is the Lie bracket.
Let M be an n-dimensional differentiable manifold. Differential transformation
of algebra T (M) defined by
D = ∇X : T (M)→ T (M), X ∈ τ
1
0 (M),(2.10)
is called covariant derivation with respect to a vector field X if
(a) ∇fX+gY t = f∇Xt+ g∇Y t,
(b) ∇Xf = Xf, ∀f, g ∈ τ
0
0 (M), ∀X,Y ∈ τ
1
0 (M), ∀t ∈ τ(M).
and a transformation defined by





is called affine connection [1].
Proposition 2.1. For any X,Y ∈ τ10 (M)[1]
(a) [XV , Y H ] = [X,Y ]V − (∇XY )
V = −(∇ˆXY )
V
(b) [XC , Y H ] = [X,Y ]H − γ(LXY ),
(c) [XH , Y V ] = [X,Y ]V + (∇YX)
V ,
(d) [XC , Y H ] = [X,Y ]H − γRˆ(X,Y )
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where ∇ˆ is an affine connection in M defined by
∇ˆXY = ∇YX + [X,Y ]
and Rˆ denotes the curvature tensor of the affine connection ∇ˆ.
Proposition 2.2. For any X,Y ∈ τ10 (M), f ∈ τ
0
0 (M) and ∇
H is the horizontal
lift of the affine connection ∇ to T (M) [1]
(a) ∇H
XV
Y V = 0,
(b) ∇H
XV
Y H = 0,
(c) ∇H
XH




Y H = (∇XY )
H .
3. Tachibana and Vishnevskii operators associated with the
Lorentzian almost r-para-contact structure in the tangent bundle
Let M be a differentiable manifold of C∞ class and T (M) denotes the tangent
bundle of M . Suppose that there are a tensor field φ of type (1, 1), a vector field
ξp and a 1-form ηp, p = 1, 2, ......r satisfying [5, 6, 11]
(a) φ2 = I −
∑r
p=1 ξp ⊗ ηp
(b) φξp = 0
(c) ηp ◦ φ = 0
(d) ηp(ξq) = δpq(3.1)
where p = 1, 2, ......r and δpq denote the Kronecker delta. Thus the manifold M
satisfying conditions (3.1) will be said to possess a Lorentzian almost r-para-contact
structure [13, 14].
Let us suppose that the base space M admits the Lorentzian almost r-para-
contact structure. Then there exists a tensor field φ of type (1, 1), r(C∞) vector
fields ξ1, ξ2, . . . ξp, and r(C
∞) 1-forms η1, η2, . . . ηp, such that equation (3.1) are sat-
isfied. Taking the complete lifts of the equation (3.1) we obtain the following:












(b) φHξVp = 0, φ
HξCp = 0
(c) ηVp ◦ φ
H = 0, ηHp ◦ φ
V = 0, ηHp ◦ φ
















p ) = 1(3.2)
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Let us define the element J˜ of J10T (M) by













then in the view of the equation (3.2), it is easily shown that
J˜2XV = XV , J˜2XH = XH
which means that J˜ is an almost product structure in T (M) [3, 14]. Now in view
of the equation (3.3), we have















for all X ∈ τ10 (M).
3.1. Tachibana Operator




r (M) be a tensor algebra over R. A map
Φφ|r+s>0 is called the Tachibana operator or Φφ operator on M if [9]
(a) Φφ is linear with respect to constant coefficient ,
(b) Φφ : τ
∗(M)→ τrs+1(M) for all r and s
(c) Φφ(K ⊗
C L) = (ΦφK)⊗ L+K ⊗ ΦφL for all K, L ∈ τ
∗(M),
(d) ΦφXY = −(LY φ)XforallX, Y ∈ τ
1
0 (M)
where LY is Lie derivation with respect to Y,
(e) (Φφη)Y = (d(τY η(ΦX)− (d(τY (η ◦ Φ)X + η((LY φ)X)
= (ΦX(τY η))(ΦX)−X(τφXη) + η((LY φ)X)(3.5)
for all η ∈ τ01 (M) and X,Y ∈ τ
1
0 , where τY η = η(X) = η ⊗
C Y, τ∗sr (M) the module
of the pure tensor field of type (r, s) on M with respect to the affinor field ϕ.
Theorem 3.1. For the Tachibana operator on M,LX the operator Lie derivation













and η(Y ) = 0, we have
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(a) ΦJ˜Y V X






H = −((LXφ)Y )
H + γRˆ(X,φY )−
∑r
p=1((LXηp)Y )
V ξVp − J˜γRˆ(X,Y )
(c) ΦJ˜Y V X
V = 0
(d) ΦJ˜Y HX
V = −((LXφ)Y )









where X,Y ∈ τ10 (M), a tensor field φ ∈ τ
1
1 (M), a vector field ξ and a 1-form
η ∈ τ01 (M).
Proof.
(a)ΦJ˜Y V X
H = −(LXH J˜)Y
V = −(LXH J˜Y
V − J˜LXHY
V ), since LXY = [X,Y ]














[XH , Y V ]













= −[XH , (φY )V ](∇φYX)






































H = −(LXH J˜)Y
H = −(LXH J˜Y
H − J˜LXHY
H) since LXY = [X,Y ]
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[XH , Y H ]








H , Y H ]ξHp
since[XH, Y H ] = [X,Y ]H − γRˆ(X,Y ),
= −((LXφ)Y )





















V ξVp − J˜γRˆ(X,Y ).(3.8)
(c)ΦJ˜Y V X
V = −(LXV J˜)Y
V = −(LXV J˜Y
V − J˜LXV Y
V ) since LXY = [X,Y ]
= −[XV , J˜Y V ] + J˜ [XV , Y V ], [XV , Y V ] = 0















= −[XV , (φY )V ] +
r∑
p=1
[XV , (ηp(Y )ξp)
H ] = 0(3.9)
(d)ΦJ˜Y HX
V = −(LXV J˜)Y
H = −LXV J˜Y
H + J˜LXV Y
H), since LXY = [X,Y ]














[XV , Y H ]
= −[X,φY ]V + (∇XφY )











V − (∇XY )
V )ξHp
since ηpLXY = LXηp(Y )− (LXηp)Y, ηp∇XY = ∇Xηp(Y )− (∇Xηp)Y
= −((LXφ)Y )
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Let ∇ be a linear connection and φ be a tensor field of type (1,1) on M . If the
condition (d) of the Tachibana operator is replaced by
(D) ΨφXY = ∇φXY − φ∇XY(3.11)
for any X,Y ∈ τ10 (M). A map Ψφ : τ
∗(M) → τ(M), which satisfies conditions
(a), (b), (c), (e) of the Tachibana operator and the condition (D), is called the
Vishnevskii operator on M [9, 11].
Theorem 3.2. For Ψφ the Vishnevskii operator on M and ∇
H the horizontal lift



































where X,Y ∈ τ10 (M), a tensor field φ ∈ τ
1
1 (T (M)), vector fields ξp and a 1-form
ηp ∈ τ
0









































































V − φH(∇XY )
V +
∑
p = 1rηHp (∇XY )
V ξHp
= (∇ˆY φX)
V + [φX, Y ]V − φH((∇ˆYX)




V + [X,Y ]V )ξHp
= ((∇ˆY φ)X)

















































































H + [φX, Y ]H − φH((∇ˆYX)




H + [X,Y ]H)ξHp
= ((∇ˆY φ)X)










558 M. N. I. Khan and H. Cayir
Corollary 3.2. If we put Y = ξp i.e. ηHp (ξ
H




















Y V = −φH(∇ˆY ξp)














Y H = ((∇ˆY φ)ξp)
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